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In this paper, we investigate a different type of the parallel transport frame in 3-dimensional Minkowski 
space ℜ1
3 by using the binormal vector field of a timelike regular curve as common vector field to 
introduce, and we recall this frame as " timelike type-2 parallel transport frame". Also, we present new 
spherical images and call them as timelike type-2 parallel transport spherical images by translating the 
induced frame vectors to the center of unit Lorentzian sphere in 3-dimensional Minkowski space ℜ1
3. 
Additionally, we obtain the Frenet apparatus of these new spherical images in terms of base curves 
timelike type-2 parallel transport invariants. Finally, interesting relations are expressed and illustrate an 
example of the results.  
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1.  Introduction 
 
In the Euclidean and Minkowski spaces, the characterization of a regular curve is one of the interesting 
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the problem. In fact, the curvature 𝜅 and the torsion 𝜏 of a regular curve have important rule in the 
characterization of the shape and size of the curve. One of the mentioned works is spherical image of a 
regular curve in the Euclidean space. It is a well known concept in the local differential geometry of 
curves. Such curves are obtained in terms of the Frenet vector fields (Do Carmo (1976); O'Neill (1966); 
O'Neill (1983)). 
 
In 1802, Lancret proved that a unit speed curve 𝛼 with 𝜅 ≠ 0 is a helix if and only if there is a constant 
𝑐 such that 𝜏 = 𝑐𝜅. It is known that the helices in the Euclidean 3-space ℜ3 is very important curves 
since they have many general applications in physics and medical science. For example the structure 
which is studied by Camci et al. (2009); Chouaieb et al. (2006); Cook (1979); Watson and Crick (1953). 
 
Parallel transport frame was introduced by Bishop (1975) by means of parallel vector fields. Recently, 
many research papers related to this concept have been treated in the Euclidean space (Bükcü and 
Karacan (2009)), in Minkowski space (Bükcü and Karacan (2008); Bükcü and Karacan (2008); Karacan 
and Bükcü (2008); Solouma (2017)) and in dual space (Karacan et al. (2008)). Recently, this special 
frame is extended to study the canal and tubular surfaces, we refer to (Karacan and Bükcü (2007); 
Karacan and Bükcü (2008)). Yilmaz and Turgut (2010) are introduced a new version of Bishop frame 
using a common vector field as binormal vector field of a regular curve in Euclidean 3-space 𝐸3 and 
introduced a new spherical images. In this work, we introduce another type of the parallel transport 
frame using common vector field as the binormal vector of Frenet frame in 3-dimensional Minkowski 
space ℜ1
3. We call it as "timelike type-2 parallel transport frame" of a timelike regular curves. 
Thereafter, translating new frame's vector fields to the center of a unit Lorentzian sphere, we obtained 
new spherical images. We call them as " timelike type-2 parallel transport spherical images" of timelike 
regular curves. We name them by 𝜁1, 𝜁2 and binormal parallel transport spherical images. Also, we 
investigate their Frenet apparatus according to timelike type-2 parallel transport invariants. We establish 
some relations on general helix and slant helix of spherical images and illustrate an example of main 
results. 
 
2.  Basic concepts 
 
The 3-dimensional Minkowski space ℜ1
3 is Euclidean 3-space ℜ3 provided with the standard metric 
given by 





where (𝑢1, 𝑢2, 𝑢3) is a rectangular coordinate system of ℜ1
3. An arbitrary vector 𝜈 ∈ ℜ1
3 can have one of 
three Lorentzian causal characters; it can be spacelike if 〈 𝜈, 𝜈 〉 > 0 or 𝜈 = 0, timelike if 〈 𝜈, 𝜈 〉 <  0, 
and lightlike if 〈 𝜈, 𝜈 〉 =  0 and 𝜈 ≠ 0. Similarly, an arbitrary curve 𝜔 = 𝜔(𝑠) can be locally spacelike, 
timelike or lightlike if all of its velocity vectors 𝜔′(𝑠) are spacelike, timelike or lightlike, respectively. 
Let 𝜁 = 𝜁(𝑠) be a regular curve in ℜ1
3. If the tangent vector of this curve forms a constant angle with a 
fixed constant vector 𝑈, then this curve is called a general helix or an inclined curve. The sphere of 
radius 𝑟 > 0 and with center in the origin in the space ℜ1
3is defined by  
 
𝑆1
2 = {𝑥 = (𝑥1, 𝑥2, 𝑥3) ∈ ℜ1
3: 〈 𝑥, 𝑥 〉 = 𝑟2}. 
 
Let 𝜓 = 𝜓(𝑠) be a regular curve parametrized by arc-length in ℜ1
3 and {𝑇, 𝑁, 𝐵, 𝜅, 𝜏} be its Frenet 
invariants, where {𝑇, 𝑁, 𝐵}, 𝜅 and 𝜏 are moving Frenet frame, curvature and torsion of 𝜓(𝑠), 
2
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respectively. If 𝜓 is a timelike curve, then the Frenet frame has the following properties (Do Carmo 
(1976); López (2014); O'Neill (1983)). 
 
















−〈 𝑇, 𝑇 〉 = 〈 𝑁,𝑁 〉 = 〈 𝐵, 𝐵 〉 = 1 and 〈 𝑇, 𝑁 〉 = 〈 𝑁, 𝐵 〉 = 〈 𝑇, 𝐵 〉 = 0. 
 
The parallel transport frame is an alternative approach to defining a moving frame that is well defined 
even when the curve has vanishing second derivative (Bishop (1975); Bükcü and Karacan (2008)). 
 
Consider the parallel transport frame {𝑇, 𝐸1, 𝐸2} of the timelike curve  𝜓(𝑠) such that 𝑇(𝑠) the unit 
timelike tangent vector, 𝐸1(𝑠) is unit spacelike principal normal vector, and 𝐸1(𝑠) the unit spacelike 
binormal vector and 
 
                                                      {
−〈 𝑇, 𝑇 〉 = 〈𝐸1, 𝐸1 〉 = 〈𝐸2, 𝐸2 〉 = 1,
〈 𝑇, 𝐸1 〉 = 〈 𝑇, 𝐸2 〉 = 〈 𝐸1, 𝐸2 〉 = 0.   
                                              (2) 
 
The parallel transport frame {𝑇, 𝐸1, 𝐸2}  is expressed ast the following (Bishop (1975); Bükcü and 
Karacan (2010)). 














).                                         (3) 
 
Here, we shall call the set {𝑇, 𝐸1, 𝐸2} as parallel transport trihedra and 𝑘1(𝑠) and 𝑘2(𝑠) as parallel 
transport curvatures. We can expressed the relation matrix as 
 






0 cos 𝜗(𝑠) sin 𝜗(𝑠)





) ,                                         (4) 
 
where  





 𝜗(𝑠) = 𝑎𝑟𝑐 tan (
𝑘2
𝑘1




,                                          
𝜅(𝑠) = √𝑘1
2(𝑠) + 𝑘2(𝑠)
2                       
.                                            (5) 
 
In further researches, spherical images, the tangent and the binormal indicatrix and some 
characterizations of such curves in Euclidean space and Lorentz-Minkowski spaces are presented (Ali 
and López (2011); Izumiya and Takeuchi (2004); Kula and Yayli (2005); Kula et al. (2010); Solouma 
(2017)).  
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3.  Timelike type-2 parallel transport frame of a timelike regular curve 
 
In this section, we define another type of the parallel transport frame using common vector field as the 
binormal vector of Frenet frame. Let 𝜇 = 𝜇(𝑠) be a unit speed timelike regular curve in 3-dimensional 
Minkowski space ℜ1
3 with moving Frenet frame given by equation (1). Let us express a relatively 
parallel adapted frame, 
 















) ,                                                      (6) 
 
we shall call this frame as "timelike type-2 parallel transport frame". In order to investigate the relation 
between this frame and with Frenet frame, firstly we write 𝐵′ = −𝜏𝑁 = 𝜀1𝜁1 + 𝜀2𝜁2. 
 
Then, we have 
                                                                        𝜏 = √𝜀1
2 + 𝜀2
2 .                                                                  (7) 
 
We write the tangent vector according to frame {𝜁1, 𝜁2, 𝐵} as 
 
𝑇 = sin 𝜗(𝑠) 𝜁1 − cos 𝜗(𝑠) 𝜁2, 
and differentiate with respect to 𝑠 
 
                                𝑇′ = 𝜅 𝑁 = 𝜗′(𝑠)( cos𝜗(𝑠) 𝜁1 + sin 𝜗(𝑠) 𝜁2)+sin 𝜗(𝑠) 𝜁1
′ − cos𝜗(𝑠) 𝜁2
′ .           (8) 
 
Substituting 𝜁1
′ = 𝜀1𝐵 and 𝜁2
′ = 𝜀2𝐵 to Eqn. (8), we have 
 
𝜅 𝑁 = 𝜗′(𝑠)( cos 𝜗(𝑠) 𝜁1 + sin 𝜗(𝑠) 𝜁2). 
 
In the above equation we take 𝜅(𝑠) = 𝜗′(𝑠). So, we have 
 
 𝑁 = cos 𝜗(𝑠) 𝜁1 + sin 𝜗(𝑠) 𝜁2. 
 
By consequence of the obtained equations, the relation matrix between Frenet and timelike type-2 
parallel transport frames can be expressed 
 





sin 𝜗(𝑠) − cos 𝜗(𝑠) 0






) .                                          (9) 
 
Also, equation (7) can be written as 








 ,                                                                 (10) 
 
and so by equation (10), we may have 
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𝜀1(𝑠) = 𝜏 cos 𝜗(𝑠),
𝜀2(𝑠) = 𝜏 sin 𝜗(𝑠) .
 
 
By this way, we conclude 𝜗(𝑠) = 𝑎𝑟𝑐 tan (
𝜀2
𝜀1
). The frame {𝜁1, 𝜁2, 𝐵} is properly oriented, and 𝜏 and 
𝜗(𝑠) = ∫ 𝜅(𝑠)𝑑𝑠
𝑠
0
 are polar coordinates for the curve 𝜇 = 𝜇(𝑠). We shall call the set {𝜁1, 𝜁2, 𝐵, 𝜀1, 𝜀2} as 
timelike type-2 parallel transport invariants of the timelike curve 𝜇 = 𝜇(𝑠). 
 
4.  Spherical images of a timelike regular curve 
 
4.1  𝜻𝟏-timelike parallel transport spherical image 
 
Definition 4.1.  
 
Let 𝜇 = 𝜇(𝑠) be a timelike regular curve lying fully on the timelike surface 𝑀 in 3-dimensional 
Minkowski space ℜ1
3 with the moving frame {𝑇, 𝑁, 𝐵}. If we translate of the first vector field of timelike 
type-2 parallel transport frame to the center 𝑂 of the unit Lorentzian sphere 𝑆1
2, we obtain a spherical 
image Ω = Ω(𝜍(𝑠)). This curve is called 𝜁1-timelike parallel transport spherical image or indicatrix of 
the curve 𝜇 = 𝜇(𝑠). 
 
Now, we can investigate Frenet invariants of 𝜁1-timelike parallel transport spherical image Ω =







= 𝜀1 𝐵 and 𝑇Ω
𝑑𝜍
𝑑𝑠
= 𝜀1 𝐵, 
where  
                                                                            
𝑑𝜍
𝑑𝑠
= 𝜀1.                                                                        (11)  
Then,   
                                                                       𝑇Ω(𝜍) = 𝐵(𝑠).                                                                   (12) 
 
Differentiating equation (12) with respect to 𝑠, we obtain 
 





= 𝜀1𝜁1 + 𝜀2𝜁2.                                                            (13) 
 
Substituting equation (11) in equation (13), we get 
𝑑𝑇Ω
𝑑𝜍
= 𝜁1 + (
𝜀2
𝜀1
) 𝜁2. Then, the curvature and principal 
normal vector field of curve Ω(𝜍) are respectively, 
 
                                                                𝜅Ω(𝜍) = ‖
𝑑𝑇Ω
𝑑𝜍
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So, the binormal vector of curve Ω(𝜍) is 
 
𝐵Ω(𝜍) = 𝑇Ω(𝜍) × 𝑁Ω(𝜍) = (
−𝜀2
𝜀1𝜅Ω





Using the formula of the torsion, we write a relation 
 








2 . .                                                                       (15) 
 
Considering equations (14) and (15), we give: 
 
Corollary 4.1.  
 
Let Ω = Ω(𝜍) be 𝜁1-timelike parallel transport spherical image of the timelike curve 𝜇 = 𝜇(𝑠). If the 
ratio of timelike type-2 parallel transport curvatures of 𝜇 = 𝜇(𝑠) is constant, i.e., (
𝜀2
𝜀1
) =  constant, then 




Let Let Ω = Ω(𝜍)  be 𝜁1-timelike parallel transport spherical image of a timelike regular curve 𝜇 =
𝜇(𝑠). If the ratio of timelike type-2 parallel transport curvatures of 𝜇 = 𝜇(𝑠) is constant, in terms of 
equations (14) and (15), we have 𝜅Ω = constant and 𝜏Ω = 0, respectively. Therefore, Ω is a Lorentzian 
circle in the osculating plane. ■ 
 
Theorem 4.2.  
 
Let Ω = Ω(𝜍) be 𝜁1-timelike parallel transport spherical image of the timelike curve 𝜇 = 𝜇(𝑠). There 
exists a relation among Frenet invariants of  Ω = Ω(𝜍) and timelike type-2 parallel transport curvatures 
of 𝜇 = 𝜇(𝑠)  as follows 
  
                                                              (
𝜀2
𝜀1
) − ∫  𝜅Ω
2  𝜏Ω𝑑𝜍 = 0.
𝝇
𝟎
                                                            (16) 
Proof:  
 
Let Let Ω = Ω(𝜍)  be 𝜁1-timelike parallel transport spherical image of a timelike regular curve 𝜇 =





































From equation (14) and integrating both sides, we have equation (16) as desired. ■ 
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Theorem 4.3.  
 
Let Ω = Ω(𝜍) be 𝜁1-timelike parallel transport spherical image of the timelike curve 𝜇 = 𝜇(𝑠). If Ω is a 
general helix, then, the timelike type-2 parallel transport curvatures of 𝜇 satisfy 
 












= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡.     
    
Proof: 
 
Let Let Ω = Ω(𝜍)  be 𝜁1-timelike parallel transport spherical image of a timelike regular curve 𝜇(𝑠). 





) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, 
 
(see Izumiya and Takeuchi (2004)). Using equations (14) and (15) with applying in the later formula and 
with simple calculation we will get the result which complete the proof. ■                                                                                        
 
Theorem 4.4.  
 
Let Ω = Ω(𝜍) be 𝜁1-timelike parallel transport spherical image of the timelike curve 𝜇 = 𝜇(𝑠). If Ω is a 
slant helix, then, the timelike type-2 parallel transport curvatures of 𝜇 satisfy 
 
































} = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡.        
Proof: 
 
Let Let Ω = Ω(𝜍)  be 𝜁1-timelike parallel transport spherical image of a timelike regular curve 𝜇(𝑠). 
















(see Ali and López (2011); Izumiya and Takeuchi (2004)). Substituting from equations (14) and (15) in 
the later formula one can get the result directly we will get the result which complete the proof. ■ 
                                                                                                                       
Theorem 4.5.  
 
Let Ω = Ω(𝜍) be 𝜁1-timelike parallel transport spherical image of the timelike curve 𝜇 = 𝜇(𝑠). Then the 
timelike type-2 parallel transport curvatures of a timelike regular curve 𝜇 satisfy the following 
differential equation 
7
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Let Ω = Ω(𝜍) be 𝜁1-timelike parallel transport spherical image of the timelike curve 𝜇 = 𝜇(𝑠). Then, Ω 
















(see Izumiya and Takeuchi (2004)). The key of the proof is to applying equations (14) and (15) direcltly 
in the later formula, which ended the proof. ■ 
        
Remark 4.6.  
 
Considering 𝜗Ω = ∫ 𝜅Ω 𝑑𝜍
𝜍
0
  and using the transformation matrix, one can obtain the timelike type-2 
parallel transport trihedra {𝜁1Ω, 𝜁2Ω, 𝐵Ω} of the curve Ω = Ω(𝜍). 
 
4.2  𝜻𝟐-timelike parallel transport spherical image 
 
Definition 4.2.  
 
Let 𝜇 = 𝜇(𝑠) be a timelike regular curve lying fully on the timelike surface 𝑀 in 3-dimensional 
Minkowski space ℜ1
3 with the moving frame {𝑇, 𝑁, 𝐵}. If we translate of the second vector field of 
timelike type-2 parallel transport frame to the center 𝑂 of the unit Lorentzian sphere 𝑆1
2, we obtain a 
spherical image ℬ = ℬ(𝜍(𝑠)). This curve is called 𝜁2-timelike parallel transport spherical image or 
indicatrix of the curve 𝜇 = 𝜇(𝑠). 
 
Let ℬ = ℬ(𝜍(𝑠)) be 𝜁2-timelike parallel transport spherical of a timelike regular curve 𝜇 = 𝜇(𝑠). 










= 𝜀2 𝐵, 
where  
                                                                               
𝑑𝜍
𝑑𝑠
= 𝜀2.                                                                     (17) 
 
Similar to 𝜁1-timelike parallel transport spherical image, one can have 
  
                                                                      𝑇ℬ(𝜍) = 𝐵(𝑠).                                                                    (18) 
 
Differentiating equation (18) with respect to 𝑠, we obtain 
 





= 𝜀1𝜁1 + 𝜀2𝜁2.                                                            (19) 
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) 𝜁1 + 𝜁2. Then, we can express 
 























By the formula of the torsion, we write  








2  .                                                                        (21) 
 
Considering equations (20) and (21), we give: 
 
Corollary 4.7.  
 
Let ℬ = ℬ(𝜍) be 𝜁2-timelike parallel transport spherical image of the timelike curve 𝜇 = 𝜇(𝑠). If the 
ratio of timelike type-2 parallel transport curvatures of 𝜇 = 𝜇(𝑠) is constant, i.e., (
𝜀1
𝜀2
) =  constant, then 




Let Let ℬ = ℬ(𝜍)  be 𝜁2-timelike parallel transport spherical image of a timelike regular curve 𝜇 =
𝜇(𝑠). If the ratio of timelike type-2 parallel transport curvatures of 𝜇 = 𝜇(𝑠) is constant, in terms of 
equations (20) and (21), we have 𝜅ℬ = constant and 𝜏ℬ = 0, respectively. Therefore, ℬ is a Lorentzian 
circle in the osculating plane. ■ 
 
Theorem 4.8.  
 
Let ℬ = ℬ(𝜍) be 𝜁2-timelike parallel transport spherical image of the timelike curve 𝜇 = 𝜇(𝑠). Then, 
there exists a relation among Frenet invariants of  ℬ = ℬ(𝜍) and timelike type-2 parallel transport 
curvatures of 𝜇 = 𝜇(𝑠)  as follows  
                                                              (
𝜀1
𝜀2
) + ∫  𝜅ℬ
2  𝜏ℬ𝑑𝜍 = 0.
𝝇
𝟎
                                                            (22) 
Proof:  
 
Let Let ℬ = ℬ(𝜍)  be 𝜁2-timelike parallel transport spherical image of a timelike regular curve 𝜇 =
𝜇(𝑠). Then, equations (17) and (21) hold. Using equation (17) in (21) and by the chain rule, we have 
9
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From equation (20) and integrating both sides, we have (22) as desired. ■ 
 
By uing the preivious method to proof the Theorems 4.3, 4.4 and 4.5, we can use these methods to proof  
the following theorems. 
 
Theorem 4.9.  
 
Let ℬ = ℬ(𝜍) be 𝜁2-timelike parallel transport spherical image of the timelike curve 𝜇 = 𝜇(𝑠). If ℬ is a 
general helix, then, the timelike type-2 parallel transport curvatures of 𝜇 satisfy 
 












= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡.    
Theorem 4.10.  
 
Let ℬ = ℬ(𝜍) be 𝜁2-timelike parallel transport spherical image of the timelike curve 𝜇 = 𝜇(𝑠). If ℬ is a 
slant helix, then, the timelike type-2 parallel transport curvatures of 𝜇 satisfy 
 
































} = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡.    
Theorem 4.11. 
 
Let ℬ = ℬ(𝜍) be 𝜁2-timelike parallel transport spherical image of the timelike curve 𝜇 = 𝜇(𝑠). Then the 
timelike type-2 parallel transport curvatures of a timelike regular curve 𝜇 satisfy the following 
differential equation 
















= 0.        
Remark 4.12.  
 
Considering 𝜗ℬ = ∫ 𝜅ℬ  𝑑𝜍
𝜍
0
  and using the transformation matrix, one can obtain the timelike type-2 
parallel transport trihedra {𝜁1ℬ , 𝜁2ℬ , 𝐵ℬ} of the curve ℬ = ℬ(𝜍). 
 
4.3 Binormal-timelike parallel transport spherical image 
 
Definition 4.3.  
 
Let 𝜇 = 𝜇(𝑠) be a timelike regular curve lying fully on the timelike surface 𝑀 in 3-dimensional 
Minkowski space ℜ1
3 with the moving frame {𝑇, 𝑁, 𝐵}. If we translate of the third vector field of 
10
Applications and Applied Mathematics: An International Journal (AAM), Vol. 15 [], Iss. 1, Art. 29
https://digitalcommons.pvamu.edu/aam/vol15/iss1/29
AAM: Intern. J., Vol. 15, Issue 1 (June 2020) 501 
 
 
timelike type-2 parallel transport frame to the center 𝑂 of the unit Lorentzian sphere 𝑆1
2, we obtain a 
spherical image ϕ = ϕ(𝜍(𝑠)). This curve is called binormal timelike parallel transport spherical image 
or indicatrix of the curve 𝜇 = 𝜇(𝑠). 
 
Let ϕ = ϕ(𝜍(𝑠))  be the binormal timelike parallel transport spherical of a timelike regular curve 𝜇 =












= 𝜀1𝜁1 + 𝜀2𝜁2, 
where 





2.                                                                      
 
In terms of timelike type-2 parallel transport frame vector field given in equation (6), we have the 
tangent vector of the binormal-timelike parallel transport spherical image as follows: 
 





(𝜀1𝜁1 + 𝜀2𝜁2).                                                    (23) 
 
In order to determine the first curvature and principal normal vector field of curve ϕ. Differentiating 
equation (23) with respect to 𝑠, we obtain 
                                                  





















2 ] 𝜁2 + (𝜀1
2 + 𝜀2
2)𝐵.                                     (24) 
Since, we immediately have 



























































































By means of obtained equations, we express the torsion by formula 
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.                                    (26) 
 
Consequently, we determined Frenet invariants of the binormal-timelike parallel transport spherical 
indicatrix according to timelike type-2 parallel transport invariants. In terms of equations (25) and (26), 
we give: 
 
Corollary 4.13.  
 
Let ϕ = ϕ(𝜍) be the binormal timelike parallel transport spherical image of the timelike curve 𝜇 =
𝜇(𝑠). If the ratio of timelike type-2 parallel transport curvatures of 𝜇 = 𝜇(𝑠) is constant i.e., (
𝜀1
𝜀2
) =  
constant, then the binormal timelike parallel transport spherical indicatrix ϕ(𝜍) is a Lorentzian circle in 




The proof come directly from equations (25) and (26). ■ 
 
Remark 4.14.  
 
Considering 𝜗ϕ = ∫ 𝜅ϕ 𝑑𝜍
𝜍
0
  and using the transformation matrix, one can obtain the timelike type-2 




Example 5.1.  
 
Let we consider a time-like regular curve 𝜇 in ℜ1
3 (see Figure 1) 
                                    
                                                        𝜇 = 𝜇(𝑠) = (√3 𝑠, √2 cos 𝑠 , √2 sin 𝑠).                                        (27) 
 






 𝑇 = (√3 , −√2 sin 𝑠 , √2 cos 𝑠),
𝜅 = √2,                                            
𝜏 = √3 ,                                           
𝑁 = (0, − cos 𝑠 , − sin 𝑠),           
𝐵 = (√2 , √3 sin 𝑠 , −√3 cos 𝑠).
 
 
Now we focus on the time-like type-2 parallel transport trihedra. Let us express 𝜗(𝑠) = ∫ √2 𝑑𝑡 =
𝑠
0
√2 𝑠. Since, we can write the transformation matrix 
12
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sin√2 𝑠 − cos √2 𝑠 0








By the method of Cramer, one can obtain timelike type-2 parallel transport trihedra of 𝜇 as follows (see 
Figures 2-4): 
 
𝜁1 = (√3 sin(√2 𝑠) , −√2 sin 𝑠 sin(√2 𝑠) − cos 𝑠 cos(√2 𝑠) , √2 cos 𝑠 sin(√2 𝑠) − sin 𝑠 cos(√2 𝑠) ),    
𝜁2 = (−√3 cos(√2 𝑠) , √2 sin 𝑠 cos(√2 𝑠) − cos 𝑠 sin(√2 𝑠) , −√2 cos 𝑠 cos(√2 𝑠) − sin 𝑠 sin(√2 𝑠) ),




Figure 1. The timelike curve 𝜇 = 𝜇(𝑠) 
 
 
Figure 2. 𝜁1-timelike parallel transport spherical image of 𝜇 = 𝜇(𝑠) 
 
 
Figure 3. 𝜁2-timelike parallel transport spherical image of 𝜇 = 𝜇(𝑠) 
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Figure 4. Binormal-timelike parallel transport spherical image of 𝜇 = 𝜇(𝑠) 
 
Example 5.2.  
 
Let we consider a time-like regular curve 𝜔(𝑠) = (√3 𝑠, 25√2 cos (
𝑠
25
) , 25 √2 sin (
𝑠
25
)) (see Figure 






 𝑇(𝑠) = (√3 , −√2 sin (
𝑠
25




𝑁(𝑠) = (0, − cos (
𝑠
25
) ,− sin (
𝑠
25
)),                
𝐵(𝑠) = (√2 , √3 sin (
𝑠
25
) ,−√3 cos (
𝑠
25
)).    
 
 

















In order to form the transformation matrix, we also need 𝜗(𝑠) = ∫ (
√2
25





































By the solution of the system above, we have time-like type-2 parallel transport spherical images 
of the unit speed curve 𝜔 = 𝜔(𝑠), see Figures 6, 7 and 8. 
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 √3 sin (
√2 𝑠
25


















































































𝐵 = (√2 , √3 sin (
𝑠
25
) , −√3 cos (
𝑠
25
)).                               
 
 
Figure 5. The timelike curve 𝜔 = 𝜔(𝑠) 
 
 
Figure 6. 𝜁1-timelike parallel transport spherical image of 𝜔 = 𝜔(𝑠) 
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Figure 7. 𝜁2-timelike parallel transport spherical image of 𝜔 = 𝜔(𝑠) 
 
 
Figure 8. Binormal-timelike parallel transport spherical image of 𝜔 = 𝜔(𝑠) 
 
6.   Conclusion  
 
As a conclusion of our results, by using the binormal vector field of a timelike regular curve as common 
vector field a timelike type-2 parallel transport frame has been. Also, a new timelike type-2 parallel 
transport spherical images introduced by translating the induced frame vectors to the center of a unit 
Lorentzian sphere in 3-dimensional Minkowski space ℜ1
3. Additionally, the Frenet apparatus of these 
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